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1 Problem Statement

Within this paper, we are basically interested in the expected mean distance of a
randomly placed node within a square cluster to the origin that we denote as pq.
Thereby, we concentrate on a 2-dimensional (2D) square cluster of size a. X a. as
depicted on the titlepage. Furthermore, we presume a uniform distribution for the
x- and y-coordinate in a Cartesian coordinate system. That is, both, the x- as well
as y-coordinate are independent and uniformly randomly distributed between [0, a.|.
Consequently, pq can be generally expressed by

Hd = // drqu + d%y ' fdnx,dny (an7 dny) dx dya (11)
0 0
where
1 1 1
fdnx,dny (dnx’ dny) = fdnx (an) : fdny (dny) = T = 5 (1'2)

a. Q. a

denotes the probability density function for the nodes’ position. Accordingly, the initial
integral can be formulated as

ac ac

1
= = - // @2+ &2, dv dy. (1.3)
0 0

2
ae

Subsequently, we analytically solve this integral, whereas we use dyx = x and d,y, = ¥
for the sake of clarity in our writing for the remaining. The overall simplified solution,
i. e. ug with respect to the cluster dimension a., can be stated as

Q¢ QAc

1
udzﬁ-//\/x”y”xd(y:ac-
00

which allows to determine the average distance of a randomly placed node within a
square cluster of given size a.

I (1+v2) + V2] (1.4)
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2 Inner Integral

Starting with the inner integral, i. e.

/,/gg2 +y? da, (2.1)
0

we first employ a trigonometric substitution, where

x =y -tan(¢) — ¢ = arctan <§>

2.2
e .
o~V eost(g) T eost(9)
so, that the integral can be written as
arctan(%) )
ot 2402y d
O/ V- tan (6)) + 42 -y o (9) ¢
p . (2.3)
arctan( i ) ] arctan ( e ) )
= 2. (1 + tan? ..7(1:2./765
O/ Vit (L (9) - s do=y [ @
whereas we used the identity 1+tan? (¢) = Wl(@ Focusing on the integral of cos™ (¢)

we can denote

arctan( % ) arctan( ‘%C )

/ b do = / 1 1 do. (2.4)

cos? () cos (@) cos? (¢)

Subsequently, we will employ integration by parts, whereas

du 1
T st (0)

1 R dv _ sin(¢)
s (@) | dp oo (9)

and

u(¢) = tan (¢)
(2.5)

v(9) =



2 Inner Integral

Accordingly, it can be noted that

/ cos? (@) d¢ = / cos (¢) cos2 d¢

—tan () s - [t -55255’2) 0=~ eonls) v )
-GS - zzzézii oy
N
- ; Z?)I; ((Z; + ; . / c081(<25) 10 (2.6)

We did not denote the integral borders for the sake of clarity, which we catch up, now.
Thus, we have to write

) o- L. amt7(a;) L, (arctan (%))
cos? (¢) 2 0 cos (@) COos (arctan (%))
2.7
_ L am?(?) L gy ! -
2 0 cos (@) Y  cos (arctan (%)) '
With cos (arctan (z)) = ﬁ this can be also written as
arctan ( ‘If ) arctan( % ) 2
1 1 (o Qe
cos? () de = 2 cos (¢) do+ ? . (y) - 1)
2.8
. arctan(%) . . ) ; . ( )
T2 0/ cos () d¢+<y> ' (%) -

Next, we have to solve the integral of cos™* (¢), whereas we can formulate the problem

as
cos (
2.9
/ cos ( d¢ = / cos2 (29)
We in turn employ substitution, so that
¢ = sin () — 0 = arcsin (¢)
df do (2.10)
— = d¢ = .
o cos (¢) — do o5 (0)



2 Inner Integral

Besides, we use the identity cos? (¢) = 1 — sin? (¢). With that, we can write

cos ( cos (
. : 2.11
/ cos ( a¢ = / Cos2 1— 02 cos ( 1— 92 (2.11)
We need partial fraction expansion to solve the integral. Hence,
1 1 1
d@—/—l ( — — = ) —/ 7—7-7d6
/1—92 2 60-1 2 6+1 2 0+1 2 60-1
1 1 0+1
—— df == -(1 1]) —1 —1)==-In{|——]|.

2 /9+1 —1d9 3 (6 +1) = In(l6 = 1)) = 3 n<9—1>

(2.12)

wrctan( ) sin (arctan (%)) +1

1 1
o/ cos () @ = 2 o ( sin (arctan (j)) —1

Resubstituting delivers
Sm<¢>+1|> , (2.13)
whereas with sin (arctan (z)) = = we can denote

1 1
/cos(gzﬁ) a6 = 2-ln< sin (¢) — 1
) , (2.14)

With regard to the integral borders, we keep that
arctan(%) 42 +1 % +1
1 1 V(5 +1 1 =) f1
/ d RACRISSI ) DU S RGNS (2.15)
0

— -]
cos (o) ¢ 2 M v 2 S —— |

Consequently, it follows that

1
arctan(%) T +1 9
' 1 1 |1 (L) + Qe Y\ 2
do==-1=-1 Ve - e . < 1
0/ cos? (o) ¢ 2 {2 ol e m—y <y> (ac) -

Loy M) 1.<a0>2. <5C)2+1 (2.16)




2 Inner Integral

and lastly

ac —2e 1

1 2402 1 ac
//x2+y2dx:y2- S P VA S ) [ 2 + a2
/ 4 de 1 Y

(2.17)

Qc 2 Ac —'—1

I AR [ RV e R | R e
/x+y dxf4 In P +2 Qe \/Y* + aZ
0 ‘/y2+ag




3 Outer Integral

Having solved the inner integral, we have reduced the two dimensional problem to a
one dimensional problem. Consequently, we continue with the outer integral, i. e.

ac

(lc2 7;2—042—1_1 1

/yzln ya:ric_l +§-ac-\/y2+agdy

i Vi
e SR (v
Y2 + a2 04 Y2 + a2

ac o
Y
= / —.In
" 4
Integral "A’ Integral 'B’

1
+0/2-ac'\/y2—|—a§dy.

Integral ’C’

Qe

) dy...
(3.1)

Utilizing the linearity, we basically have to solve three independent integrals that we
refer to as Integral "A’, Integral B’ and Integral ’C’. The solution for each of these is
presented in the subsequent sections.

3.1 Integral C

For Integral 'C’, we can adopt the result of the inner integral, so that

acl a ac
/§-ac-\/y2+a§ dy:E-/\/yzﬂLa% dy
0
2 \/(12 a2 +1 1 /
:5 chn + _|_§.ac. a/g_i_ag

Vit (3.2)

2 7_|_1 3
2 )1 1) "2 8

e () )

Q
a
Q




3 Outer Integral

3.2 Integral A

We can rewrite Integral 'A’ as

+1

/% h{‘# ) dyzjl / (‘WH) dy, (3.3)

and have to apply integration by parts, whereas

1 du Qe
uy)==-y"—= — =7 and v(y)=In (‘—l—l)
3 dy 2 2
VYt ag
1 (3.4)
dv 1 —5 " Qc —ac - Y
- du  —a 11 72y = 3 :
4 \/ y2+a2 + (y2 +a2)> (Y2 +a2)? 4+ ac-y*+ a?
Thus,
E /Cy2 In S+ 1| dy
4 y? 4 a?
1 ]- C " 0‘51 — W
— . f.yg.ln a _|_1 _/73/3 a y dy
4 3 y* + a? . 0 3 (12 +a2)? + ac - 2 + @b
1, e 1 —ac-y
=—:a -n||l———+1 ——-/y3- dy
12" (‘\/azwz ) 1207 (2+a))? tacy +al
3 1 e 4
:aC-ln<+1 +&-/ Sy dy.
12 2 12 2 (Y2 +a2)? +a.-y?+add
(3.5)
Subsequently, we concentrate on
Q¢ 4
o (W2 +a3)? +ac-y?+ag
for which we perform a trigonometric substitution, where
_ _ Y
Yy = a. - tan (¢) — ¢ = arctan ()
ac
dy 1 1 (3.7)
= =0 ———— = dy =a.- ——— do,
d¢ e’ cos? (9) Y=o os? (9) ¢



3 Outer Integral

so, that
/ , dy
(y2 + a2)? + ac - 2 + a3
1
-/ (@ tan (9) o
((ac-tan ()7 +a2)* +ac - (ac - tan ()2 +ap % (0)
tan (¢)4 1
= 3 : d
/ (ag tan (¢)° + a2> 2 +ad - tan (¢) + a cos? (¢)
=a’- / tan <¢)4 _ 21 i (3.8)
(ag ' (tan (0)*+ 1)) +a?- (tan (0) + 1) cos? (@)
=a- tag (9)* . 21 i
a3 (tan ()* +1)7 + a2 - (tan (9)? +1) > (9)
—a2. tan (¢)4 . 1 a6,

(tam (6)? + 1)% + (san (¢)2 +1) cos? (¢)

and with tan (gb)2 +1= ﬁ, we can further simplify the expression to
4
[ —
(y? +a2)? + ac-y* + at
¢ 4
=a?. / an (¢) : (tan (¢)* + 1) do
(tan (¢)* + 1) : ((tan (¢)” + 1) + 1)
_ 2 / tan (¢)* / tan (¢
(tan (¢)? + 1) Vtan (¢)° +1+ 1
:ag-/ tan(¢)4 i — g./tan(@ ~cos(<b) d6 — z‘/tan(d))?’.sin((ﬁ) a0,
COS( =+ 1 1 4 cos (¢) 1+ cos (¢)
(3.9)
Besides, using the identity tan (%) = 1?210(;)9:)7 we can express the integral as
4
)
R —
(v +a2)® + ac-y* + al (3.10)

/tan 1?;08@ o = a? - /tan (6)? - tan (f) do.



3 Outer Integral

Regarding the borders, we have to write

arctan ( ¢ ) =z
ac 4

Qe 4
/ 3 Y dy = a> - / tan (¢)° - tan <¢> de. (3.11)
b (1 +a2)? +acy?+al d 2
With tan (z) = % we can further denote that
1—tan (5)
g ¢ i/ 2. tan (9) ’ ¢
a2 - /tan(gb)3 - tan <> dp = a? / — % | tan () do
; 2 2 \1—tan’ (%) 2
p (3.12)
, [ 8 - tan* (9)
= a; / e p do.
5 1—3-tan (5) + 3 - tan? ( ) 1 -tan® (5)
Now, we can apply the Weierstrafl substitution, i. e. zttan (%) =t and dop = 1+t2 So,
| :
a? - /tan (¢)® - tan (2> do
0
tan( % tan( %
= a? /(8) 8t 2 dt =16 - a? /(8) t
e 1—322+3t4 -6 1442 © 122420 8
(3.13)
Using partial fraction decomposition, we can denote that
tan(%) t4
16-a2- | dt
] Toar s —w
tan '”
/(8 3 1 1 1 11
f — =
/ 32 t—1 32 (t—1) 16 (t—1) 32 t+1
3 1 1 1 1 1
3 1 .y " (3.14)
32 (t+1) (t+1) 8 t2+1
tan( Z
/(8) 1 1 31 1 11
L 2. 5 — s —=- o
, 2 t—1 2 (t—1) (t—1) 2 t+1
3 1 1
- = 2 dt.
2’ (t+1) (t+1) 241



3 Outer Integral

Now, we have a series of standard integrals that we can solve. Accordingly,

tn(7)

t4 1 31 1
16 a2 - / dt=a? | n(t—1))+2-
e ] Toamga U [2 n(le =1+ —1 7 20-1)

tan(%)
’

1 3 1 1
—§-ln(|t+1|)+*

. — + 2 - arctan (¢
2 t+1 2(t+1)° ()}

0

(3.15)
wherefore, we can give the solution of this integral as
76 5 a dy
0 (y2+a2) +ac-y? +dd
s 1 . tan (g) —1 3 1 1
— [2 ln(tan<g>+1)+2 (tan(ér)—l tan(g)—f—l)
. ! - ! + = 3.16
2 (tan (%) 1) (tan (%) + 1)2 4 (3.16)

)+3- (tan(g)—lthan(g)-q-l)"'
+ (tan(z) = 1)°  (tan (z) +1)’ +72T]

Thus, we can finish the calculation of the initial partial integral (see Equation 3.5) as

1 ¥
4-0/y2-1n( )dy

Qc

JAra

+1

3]<1+Q+a3PH<W%®—1)+3( Lo, )
12 V2 24 tan (%) +1 tan (%) —1 tan (%) +1
n 1 _ 1 + s

(tan (g) — )2 (tan (%) + 1)2 2

3 tan (%) — 1
T;-{ln< 12+1> +;' ln(tangzgjtl ) 9 (tan(g{) —1 +tan(g>+1)

1 1 ™
2

10



3 Outer Integral

3.3 Integral B

Lastly, we solve Integral B’ which is quite similar to Integral A’ with the argument
of the In-function being the only slight difference. Consistently, we can start with

1 1

ac o Gc

) Qe 1 2 e
[ (e ) ay=1- [y -ln(‘— )dy, (3.18)
0 4 (‘ y? +a? ) 4 0 Y+ ag

and in turn apply integration by parts, whereas

1 du Qe
uly) =5y’ ?:y2 and v(y)=1In -1
3 y* +ag
1 (3.19)
dv 1 —3 " dc 5 Qe - Y
T T al 3 Ay = 3 ,
Y e X L e R O .
so, that
1 ¥ ;
- /yQ-ln ¢ — 1] dy
4 J Y2 + a2
1 (|1 . RS .
=—{|=-yIn a —1 _/, Y- 3a Y dy
UL y? + a2 . 03 (PHad) —acyP—a
al ac f yt
< . In ) — d
12 <\/§ |> 12 4 (Y2 +a2)? —ac-y? — b ’
(3.20)
To solve
Qe 4
Y
—— ——dy, (3.21)
o (WP +ag)? —ac-y? —af

we perform a trigonometric substitution, where

Yy = a. - tan (¢) — ¢ = arctan (yc)

dy ) ) : (3.22)
do e (e) T (e

11



3 Outer Integral

Resultantly, we can rewrite aforementioned integral to

ac y4
R —
o WP+al)? —ac-y’—ai
: at - tan’ () 1
- / 2 3 2 e Cos? (0) a¢
o (aZ-tan®(¢) +a2)” — ac- a? - tan® (¢) — a?
x \ (3.23)
_ a5 / tan (¢) . 1 de
- Y 3
5 (a2 (tan’ (6) +1))* —a? - (tan® (¢) +1) 05 (9)
: 4
a2 | (o) s db
) (tan® (9) +1)7 — (tan® (9) +1) ()
whereas with tan (¢)* +1 = @ this expression becomes
ac 4
/ -~ dy
(y* +a2)E ac - y* — a
? ot
—a?. / tan’ g dp=al [0 @) 45
1 cos? (o) -1
0 ( ) — 5 0 cos(9)
COS(¢) cos(¢) (324)
:az'/tan (@) - cos (¢) i = z.jtaﬂg(gb)'sm((ﬁ) "
1 — cos (¢) 1 —cos(¢)
2 sin (¢)
= t de.
e 0/ an’ 1= cos (¢) ¢
Employing the identities tan1<£) = lfifo(;”()z) and tan (z) = 1322252), we can further
denote that
i AR i 2 (¢
a2'/4 2tan(3) )1 d¢=a2'/4 B ton? ) dop
¢ 1 — tan? (9) tan(9> ¢ 1 — tan2 (2))
0 2 2 0 < an (2)) (3.25)
i tan? (%)
zg.ag./ — — —— do.
5 1—3-tan (§)+3'tan (5)—tan (5)

12



3 Outer Integral

Again, we rely on the Weierstrafl substitution, i. e. tan (%) =t and dop = fﬁg. Hence,

sy /zlr tan? (%)

- ag do
) 1—3-tan® (%)—i—?wtan‘l (%)—tanﬁ (%)
tan( Z tan( =
=8 q? X t* 2 dt = 16 - o> /(8) t* dt
N ¢ / 1—324+3t4—t6 14+¢2 ¢ 1—21242t6 —¢8

(3.26)

Using partial fraction decomposition, this can be written as

tan( Z tan( =
e
e -2 yos—s 7 e 2 112 G- -1
0 0
o111 1 1
s + —2.———dt.
2 t+1 2 (t+1)° (t+1)° 241

(3.27)

By that, we have rewritten the initial integral such, that we have the sum of standard
integrals, which we can resolve as

tan(%) t2

16 - a? - dt
e 1 — 262+ 216 — 3

o

1 1 1
2
—Z = m(t=1D=-=  — 4+ =.

C

1 1 1
—5 1) -5 -

1 1

(3= (en(5) 1) gl

13



3 Outer Integral

Thus, the solution for Integral B’ can be given as

|

! 72 1 (‘ S
— . y .n e —
4 J fy? + a2

(3.29)

With that, we have finally solved all integrals. Accordingly, we can give the overall
analytical solution for the initial problem in the next chapter.

14



4 Result

With the preliminary work presented in the aforegoing sections, we are finally able to
give the analytical solution for the initial integral as

1 1

1-+2 +2¢§

E2 A

)+3- (tan(g>—1+tan(g)+1)”'

1 1++v/2 1 1
:ac~{8'ln(1_\/§>+2\/§+12~[...

L 1 tan (5) ~1[\ 3 1 1
()3 (i) 5 ()
PSRN U S ™

2 (tan(g)—l)2 2 (tan(g)—i-l)Q 4

1 1 tan(%)—l 1 1 1 1
_1n<2—1 +2-1n<tan(g)+1) 2 tan(%)—l_i tan(%)—kl

1 1 1 1 T
ey )

(tan (g) — 1) (tan (g) + 1)

15



4 Result

Ndzac-{8-1n<1_\/§>+2\/§+12-[ln<\/§+1>_1n<\/§_1‘>m
+1_1n(tan(g)—1>+1'1n(tan<g>—1)“.
2 tan (2) +1|) 2 tan (3) + 1
PSS S W SN S
2 tan (D) -1 2 tan(Z) -1 2 tan(Z)+1 2 tan(T)+1 "
1 1 1 1
2z -1) 2 (5) 1)
1 1 1 1 +7T_7T”
2 @)+ 2 () ey
+ 1 tan(%)—l

TR — ! - : }
tan (%) —1 tan (%) +1 (tan (%) — 1) (tan (g) + 1)2
B 5 | 1+ \/§ 1 1 tan (%) —1
24 <|1—\/§> 2v/2 12 tan(%)—i—l
SR A — ! - ! }
tan (§) =1 tan () +1  (tan(z)-1)"  (tan (%) +1)’
(4.2)
With
T\ L m\ sin (%) B % B 1
tan(8>_tan<2'4>_1+cos(z)_1+¢1§_\/§+1’ (4:3)

or, respectively,

1 —cos (% 1— L
tan (g) = tan (; ' Z) - . (4) = 1 2 =2 1, (4.4)

16



4 Result

we can rewrite the expression to

Nd:ac'{;'ln<“t£>+2\l/§+ll2- [m(%‘)

1 1 1 1
+\/§11+\/§1+1+<\/§_1_1)2(\/5_1“)2}
5 1+2
:a"{24 In <’1j\/‘> o ([1-v2)).
1 1 1 1 1 1
5 142 1 7—5V2
_ac.{M.le_I% (1 vE) + 4M_6O}
5 1++/2 1 7[-10
:{24 (’ ) eV g 5f}
5 1 7v2-10
oy (e v ¢ gy (- vE) 5 20
1 |5 1 7v2 — 10
:ac'3'{4- (’1+\/§D+4-ln(’1—\/§’)+7_5\/5}
—oc g m(reva) ¢ om(i-va) + 2]
1 1
~oc g fi (e vE) (e va o~ va) + va)
. {1n(\1+\f\)+ 1n(\(1+f)(1—f)\)+\/§}
ud—a-; o (1+V2) +v2|

17
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